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Origami structures have been proposed as a means of creating three-dimensional structures from
the micro- to the macroscale, and as a means of fabricating mechanical metamaterials. The design
of such structures requires a deep understanding of the kinematics of origami fold patterns. Here,
we study the configurations of non-Euclidean origami, folding structures with Gaussian curvature
concentrated on the vertices. The kinematics of such structures depends crucially on the sign of
the Gaussian curvature. The configuration space of non-intersecting, oriented vertices with positive
Gaussian curvature decomposes into disconnected subspaces; there is no pathway between them
without tearing the origami. In contrast, the configuration space of negative Gaussian curvature
vertices remain connected. This provides a new mechanism by which the mechanics and folding of
an origami structure could be controlled.
Origami and kirigami have been proposed as a frame-
work to engineer new materials with complex mechanical
responses [1–5]. To this end, new fabrication methods
have been developed to enable the folding of three di-
mensional structures from thin films [6–8]. Though most
examples of origami structures are foldable from an ini-
tially flat sheet, two threads of research suggest a need
to understand the motions of a broader class of “curved”
origami. First, kirigami structures, initially flat struc-
tures with holes which can be glued together along their
free edges to create intrinsically buckled structures [5].
Second, newer origami fabrication methods have enabled
vertices with Gaussian curvature and curved faces [8–11].
This paper analyzes the kinematics of non-Euclidean
origami in the limit that it is almost flat. By “non-
Euclidean origami,” we mean that faces are flat, but that
the vertices have Gaussian curvature (Fig. 1 a–c). This
Gaussian curvature manifests as either a deficit or excess
angle when summing the sector angles around the inter-
nal vertices (Fig. 1a). By “almost flat,” we mean that
both the sum of sector angles around internal vertices
is near 2pi and that the dihedral angles of the folds are
nearly pi. In this limit, we will develop a general frame-
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FIG. 1: (a) A generic non-Euclidean origami structure. The
vertex Gaussian curvature is defined by K = 2pi−∑i αi (b,c)
Degree four vertices with positive and negative Gaussian cur-
vatures respectively necessarily buckle out of the plane.
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work for studying origami motions, and make contact
with both the kinematics of flat origami structures [12]
and continuum equations governing the small deforma-
tions of elastic sheets [13].
Understanding whether an origami fold pattern can
be folded without tearing is NP-hard [14]. More gen-
erally, when mapping out the space of possible config-
urations of a given origami fold pattern, the configura-
tion space can be geometrically complex. Additionally,
these spaces can undergo topological changes as the fold
pattern changes that lead to changes in the mechanical
properties of origami [15]. Here, we show that vertex
Gaussian curvature can induce a topological change in
the configuration space of origami structures. In par-
ticular, we will show that origami with positive Gaussian
curvature vertices have configuration spaces that become
disconnected, and that such disconnection need not (and
likely does not) occur for negative Gaussian curvature.
I. MATHEMATICAL FORMULATION
We model origami by a collection of polygonal faces
meeting at point-like vertices and joined along line-like,
rigid edges, as shown in Fig. 1 for triangular faces. We
find it useful to distinguish internal vertices, whose num-
ber we will denote Vi, from boundary vertices, whose
number is Vb. Note that in traditional origami nomencla-
ture a “vertex” denotes only the internal vertices. Sim-
ilarly, we denote the internal and boundary edges by Ei
and Eb, respectively. The internal edges are the folds in
the origami literature.
We are primarily interested in determining the isome-
tries of a given origami fold pattern, i.e. the motions that
preserve the length of all edges and the angles between
any two adjacent edges on the same face. In the case
of triangular faces, the angle constraint is redundant –
once the length of all the edges are known, the angles be-
tween edges are already uniquely determined. Thus, we
will focus mainly on origami with triangular faces. This
is not very restrictive; we will see that the configuration
space of an origami structure with polygonal faces can
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2be obtained by taking a lower dimensional slice through
the configuration space of a suitable triangulated origami
fold pattern. To define the discrete Gaussian curvature
of an internal vertex, we measure the sector angles, αi,
between adjacent folds with one end on a given vertex
(Fig. 1a). The Gaussian curvature of that vertex is then
Kn = 2pi −
∑
i αi [16].
One of the primary features of triangulated origami
is that the number of infinitesimal isometries is almost
precisely balanced by the number of constraints. This
is true for any Gaussian curvature though it manifests
in different ways when Kn = 0 on each internal vertex.
Understanding this distinction turns out to be important
to developing a fuller picture of the origami configuration
space so we review it here. If Xn denotes the three dimen-
sional position of the nth vertex, then any pair of vertices
joined by an edge induces a geometrical constraint,
(Xn −Xm)2 = L2nm, (1)
where Lnm is the length of the edge between n and m.
We then write un (Fig. 2b) as the displacement of the n
th
vertex, and find that, to first order, motions are governed
by the linear equations
2(Xn −Xm) · (un − um) = 0. (2)
There is one equation of this type for each edge (n,m)
joining vertex n to m.
To understand the generic behavior of Eq. (2), we
note that there are Ei + Eb constraints, one for each
edge and 3Vi + 3Vb naive degrees of freedom associated
un
um
Lnm
Xn Xm̂z
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FIG. 2: A nearly flat origami structure can be projected
to a fold pattern in the xy−plane. In-plane and out-of-plane
displacements are unambiguously decomposable.
with the three-dimensional displacements of the vertices.
A triangulated origami fold pattern also satisfies both
Euler’s theorem, F − Ei − Eb + Vi + Vb = 1, where F is
the number of faces, and satisfies the 2Ei + Eb = 3F to
account for the fact that each face is associated to three
edges but each internal edge joins two faces. Similarly, we
have Eb = Vb because the boundary of the fold pattern is
a polygon. Taken together, these equations imply Ei =
Vb + 3Vi − 3 and so naive counting suggests that the
dimension of the configuration space of origami is D =
Vb + 3. Six of these degrees of freedom are Euclidean
motions.
Though this generic counting should be valid for most
configurations, it fails when the origami is flat because
the constraints at first order are not all independent. In
that case, only the in-plane deformations are fixed by the
length constraints: any vertex can be displaced vertically
without causing a first-order change in the edge lengths.
Though this suggests that D = Vi + Vb + 3, it turns out
that there are additional constraints at quadratic order
in the lengths, If we define h = (h1, h2, · · · ) as a vector
specifying the vertical displacement of each of the ver-
tices above the xy−plane, then a necessary and sufficient
condition for a motion to be an isometry to second order
is
hTQnh = 0, (3)
for each internal vertex, n, where the matrix Qn depends
on the sector angles of internal vertex n [12]. The left-
hand side of Eq. (3) is the Gaussian curvature of internal
vertex n induced by the height changes [12] so Eq. (3) is
simply the statement that no infinitesimal deformation
can change the Gaussian curvature of the internal ver-
tices. There are precisely enough quadratic constraints,
one for each internal vertex, to recover the generic result,
D = Vb + 3.
We now wish to modify Eq. (3) to allow for internal
vertices to have a small but nonzero Gaussian curvature.
In this regime, the vertices continue to remain almost
planar and, in Appendix A, we show that the geometrical
constraints at each vertex should be modified to
hTQnh = Kn, (4)
where Kn is the Gaussian curvature of vertex n and Qn is
the same matrix that appears in Eq. (3) for flat origami.
Despite the plausible form of Eq. (4), the proof that Eq.
(4) correctly determines the isometries to quadratic order
is somewhat involved.
Eq. (4) can be contrasted to the equations governing
the small isometries of a continuum elastic sheet, which
are governed by the approximate equations [13]
K = −1
2
2∑
ijkl=1
ikjl∂i∂jh∂k∂lh, (5)
where ij is the antisymmetric Levi-Civita symbol with
12 = 1, h(x, y) is the vertical height of the elastic sheet
3σ1,1
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FIG. 3: Notation for the vicinity of a single vertex.
above the xy−plane, and K(x, y) is the Gaussian cur-
vature. Eq. (5) is accurate in the limit of small slopes
|∂ih|  1, which is precisely the same limit of our dis-
crete formulation. In that sense, Eq. (4) is a discrete
analogue to the better known continuum result of Eq.
(5).
In Appendix B, we also show that we can rewrite
the Gaussian curvature around any internal vertex n in
closed form. To do this consistently requires some addi-
tional notation (Fig. 3). Let σ(n, 1) through σ(n,N(n))
be the vertices connected to an internal vertex n in coun-
terclockwise order, where N(n) is the number of edges
with n at one end. We also denote Lnm as the length of
the edge joining vertex n to m. Then,
Kn = −1
2
N(n)∑
i
N(n)∑
j
(
hσ(n,i) − hn
Lσ(n,i)n
)
M
(n)
ij
(
hσ(n,j) − hn
Lσ(n,j)n
)
.
(6)
The matrix M
(n)
ij is an N(n) × N(n) square matrix de-
pending on the sector angles around each internal vertex.
To define M
(n)
ij , let α
(n)
i,i+1 be the sector angle between
vertex σ(n, i) and σ(n, i+ 1) around the vertex n. Then
M
(n)
ij = − cscα(n)i,i+1δi,j+1 − cscα(n)i−1,iδi,j−1 (7)
+(cotα
(n)
i,i+1 + cotαi−1,i)
(n)δij .
For sector angles smaller than pi, the matrices M(n) have
two zero eigenvalues, one negative eigenvalue, and the
remaining eigenvalues are positive (see Ref. [17] or Ap-
pendix C of Ref. [12] for a detailed proof).
II. SINGLE VERTICES
To better understand Eq. (6), consider an origami
structure with one internal vertex from which N folds
emerge (Fig. 4a). This case has been analyzed in some
depth due to the correspondence between origami ver-
tices of degree N and spherical linkages with N segments
0
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FIG. 4: The configuration space of a symmetric five-fold
vertex (a) near the flat state with zero (b), positive (c), and
negative (d) Gaussian curvature projected onto the fold an-
gles (θ02, θ03, θ04). The fraction of red and blue, [r, b], in the
coloring is determined by [(θ01 − pi)/(2pi), (θ05 + pi)/(2pi)].
[17, 18]. We denote the height of the central vertex h0
and the heights of the surrounding vertices h1 through
hN , and we explicitly eliminate rigid body motions by
fixing the heights of vertices (h0, h1, h2) = (0, 0, 0). One
quadratic constraint remains on the remaining heights,
h3 to hN , leaving N − 3 distinct degrees of freedom.
So what does the configuration space of a single non-
Euclidean vertex look like? We suppose e−,i are the com-
ponents of the normalized eigenvector corresponding to
the negative eigenvalue, −λ−, of M(0). We then suppose
en,i are the components of the n
th normalized eigenvec-
tor with positive eigenvalues, λn. We can then attempt
to solve Eq. (6) with the ansatz
hi − h0
Li0
=
1√
2λ−
c−e−,i +
∑
n
1√
2λn
cnen,i. (8)
We find that c2−−
∑
n c
2
n = K0, where K0 is the Gaussian
curvature of vertex 0.
When K0 = 0, we recover the results of Ref. [12]: the
solution forms a cone described by the equation c− =
±√c2n with a singularity at c− = cn = 0. Each nappe
of the solution space is characterized by the sign of c−
(called branch signs in [12]). When K0 > 0, we must
instead solve,
c2− = K0 +
∑
n
c2n, (9)
4showing that |c−| ≥ K0. This would seem to imply that
the two nappes have split into two disconnected compo-
nents characterized by the sign of c−. Finally, we turn
to K0 < 0, for which
c2− + |K| =
∑
n
c2n. (10)
Here, it is clear that there is no obstruction to c− = 0.
Instead,
∑
n c
2
n ≥ |K|. We conclude that the conical
configuration space is one in which both nappes remain
connected near the flat state but are connected by a neck
(Fig. 4d). This is quite different than what happens for
degree four vertices [19].
In Fig. 4, we numerically plot the configuration space
of a symmetric degree-5 vertex. To do this, we com-
pute radial trajectories from a known configuration of
the origami vertex. Each point of the radial trajectory is
found in a sequence of steps. For each step, we solve Eq.
(2) to identify the infinitesimal isometries from any con-
figuration that is not flat and project the previous tan-
gent direction onto the new tangent space. After finding
a new configuration using the linear isometry, we numer-
ically minimize the energy functional,
E =
1
2
∑
nm
[
(Xn −Xm)2 − L2nm
]2
, (11)
where the sum is over edges joining vertex n to m, using
the BFGS (“QuasiNewton”) algorithm in Mathematica
11. This prevents numerical errors in the linear isome-
tries from building up as the integration proceeds. This
process proceeds until one of the fold angles exceeds pi
or −pi, indicating that a face has come into contact with
an adjacent face. Finally, the trajectories are assembled
into a mesh to produce a surface.
Generically, we find that the configuration space near
the flat state follows the analytical results we obtained.
Specifically, it appears that the configuration space de-
composes into two nappes with the topology of a disk
which are either touching at one point (K = 0), discon-
nected (K > 0), or connected by a narrow neck (K < 0).
At first glance, this appears to contradict Streinu and
Whitely [18], who showed that the configuration space of
single vertices with K0 > 0 is always connected. How-
ever, in their analysis, faces can pass through each other;
whereas in Fig. 4, fold angles must remain strictly be-
tween −pi and pi. Anecdotally, it does appear that when
faces are allowed to pass through each other, isometric
trajectories can pass from one nappe to the other for any
K. In this case, however, the surfaces become difficult to
plot, even more difficult to understand, and, in any case,
are unphysical.
Degree-four vertices, those with only four folds emerg-
ing from a central vertex, are a special case that has
been recently explored [20]. The configuration space of a
degree-four vertex can be obtained from Fig. 4 by con-
sidering a particular planar slice. For example, if we cre-
ate a degree-four vertex by removing fold θ02 from Fig.
4a, the configuration space of the degree-four vertex is
the intersection of the surfaces in Fig. 4 with the plane
θ02 = 0. This configuration space is, therefore, one di-
mensional and the two nappes become disconnected for
both positive and negative Gaussian curvature.
This reasoning can also be used to explore the con-
figuration spaces of non-triangulated origami. If we
are given an arbitrary origami fold pattern, any non-
triangular faces can be triangulated, introducing new fold
angles, (φ1, · · · , φM ). The proper isometries of the non-
triangulated origami are then the intersection of the tri-
angulated configuration space with the hyperplane de-
fined by (φ1, · · · , φM ) = 0. Therefore, the dimension
of the configuration space becomes D = Vb − 3 − M ,
where M is the number of diagonals added to triangu-
late the fold pattern. Because these hyperplanes pass
through the origin (where the origami is unfolded), they
do not change the fundamental topology of the configu-
ration spaces of triangulated origami shown in Fig. 4.
The configuration spaces in Fig. 4b – d give us a first
picture of the interplay between origami energetics and
kinematics. If we imagine that a torsional spring of stiff-
ness κ has been placed on each fold of Fig. 4a, the en-
ergy functional would be E = (κ/2)
∑N
i=1 θ
2
nN . The equi-
energy surfaces are given by spheres centered on the state
with θ0i = 0 and so the ground state is the configura-
tion (or configurations) that are closest to the flat state.
Appendix B provides some mathematical machinery to
expand this discussion to general origami fold patterns.
In addition to determining the kinematics of an origami
structure near the flat state, the matrix M
(n)
ij also deter-
mines the fold angles as a function of the vertex heights
through
θσ(n,i)n =
∑
j
N(n)
M
(n)
ij
(
hσ(n,j) − hn
Lσ(n,j)n
)
, (12)
where θσ(n,i)n is the fold angle connecting vertex σ(n, i)
to vertex n. Note that the quadratic terms in Eq. (12)
actually vanish so this equation is accurate to quadratic
order as well. Using Eq. (12) we can write an energy
functional for a nearly-flat origami structure as
E =
1
2
∑
n
N(n)∑
ijk
κnσ(n,i)M
(n)
ij M
(n)
ik (13)
×
(
hσ(n,j) − hn
Lσ(n,j)n
)(
hσ(n,k) − hn
Lσ(n,k)n
)
where the sum over n is over internal vertices only. Any
fold that joins an internal vertex n to a boundary vertex
k has torsional stiffness κnk whereas a fold connecting
internal vertex n to internal vertex m has stiffness 2κnm
because such folds are double counted in Eq. (13). Thus,
for a single vertex with equal fold stiffness κ and zero
equilibrium fold angles, the decomposition of deforma-
tions in terms of collective variables c− and cn yields an
5energy
E =
1
2
κ
[
λ−(c−)2 +
∑
n
λn(cn)
2
]
. (14)
For K0 > 0, we introduce a new collective variable ξ
such that c− = ±K0 cosh ξ and cn = K0nn sinh ξ, where
nn are the components of a unit vector. When K0 < 0,
we instead use c− = |K| sinh ξ and cn = ±|K|nn cosh ξ.
Therefore,
E =
κK2
2
{
λ− cosh2 ξ + sinh2 ξ
∑
n λn(nn)
2, K0 > 0,
λ− sinh2 ξ + cosh2 ξ
∑
n λn(nn)
2, K0 < 0.
(15)
There is an obvious generalization of Eq. (15) to the case
when the fold stiffnesses are not all equal.
For both signs of K0, Eq. (15) has a minimum at
ξ = 0. When K0 < 0, this implies E = κK
2λ−c2−/2 and
is independent of the choice of nn or the values of λn.
There are two energy minima corresponding to the two
points closest to the flat state in Fig. 4c, independent
of any other details of the shape. When K0 < 0, on
the other hand, the component of nn corresponding to
the smallest eigenvalue λn will be 1 and the remaining
components will be 0. Hence, E = κK2λnminc
2
nmin/2,
where nmin is the index of the smallest eigenvalue.
III. CONCLUSIONS
To conclude, we have derived the form of the configu-
ration space of non-Euclidean origami for small amounts
of Gaussian curvature near the flat state. For single
positive Gaussian curvature vertices, the configuration
is characterized by nappes that are separated near the
flat state, whereas for negative Gaussian curvature, the
configuration space remains connected. Though we have
analyzed the case of a single degree-N vertex in detail,
the procedure we have used can be applied to explore
the kinematics and energetics of more complex, nearly
flat origami structures with or without Gaussian curva-
ture. We first consider the case of multiple vertices with
Kn > 0. Around each vertex, Eq. (6) establishes a single
equation for hn as a function of the heights of the vertices
surrounding it. We further assume that this equation has
two distinct real solutions for hn. Then the analysis in
the previous section establishes that no matter how we
deform the boundary vertices, there is no way for the con-
figuration of this vertex to pass from one configuration
space nappe to the other. The conclusion is that dis-
tinct branches of the configuration space of a complex,
origami fold pattern that are distinguished by a K > 0
vertex being on different nappes are topologically discon-
nected – if they were not, there would be also be a way
of passing from one nappe to the other on a single ver-
tex. Unfortunately, it is difficult to determine whether
or not every combination of nappes can be realized when
K > 0. The case for K < 0 is murkier because, while a
single vertex remains connected, there is no reason that
global constraints might not lead to disconnected com-
ponents of the configuration space. Indeed, this must be
possible in principle, as triangulated fold patterns with
disconnected configuration spaces, albeit rare, have been
found [21].
Finally, we note that this work provides a new mech-
anism by which the mechanical response of an origami
metamaterial sheet can be molded. In principle, an ini-
tially flat structure could be stiffened by imposing a small
amount of positive Gaussian curvature. Moreover, Gaus-
sian curvature provides a new means of controlling how a
responsive origami structure self-folds by separating the
individual nappes so that misfolding is significantly less
likely. This suggestion will be followed up in a future
work.
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Appendix A: Generalizing the formalism to nonzero
Gaussian curvature
The problem we seek to solve in this paper lies in recon-
ciling the linear and quadratic length-preserving motions.
When vertices have Gaussian curvature, the vertices will
not typically lie flat. Hence, we would expect them to
be well-described by the linear equation Eq. (2). As
the Gaussian curvature goes to zero, however, quadratic
constraints must somehow emerge.
As before, we will approach the analysis of the possible
motions by expanding around the flat state. We expect
this expansion to be valid so long as the Gaussian cur-
vature of the vertices is sufficiently small. Denoting the
planar angles around any vertex with αn, the discrete
Gaussian curvature is K = 2pi −∑n αn. We imagine
that the deformation of a structure is governed by an
expansion of the form
Xn = X
(0)
n + u
(1)
n + u
(2)
n (A1)
where X
(0)
n is the position of a flattened origami structure
and the superscript of u represents the order in a formal
expansion of the displacement.
Because we are expanding the deformations around an
otherwise flat structure, the equilibrium lengths of the
edge connecting vertex n and m will not be represented
by the distances between the planar vertex positions,
X
(0)
n . Instead, we let ∆nm = L
2
nm − (X(0)n −X(0)m )2 mea-
sure the deviation of the equilibrium edge lengths from
the lengths of the edges when projected to the xy−plane.
We denote ∆ the vector formed by concatenating the
components ∆nm for each edge. We similarly write u
(1)
and u(2) as the concatenation of the vertex displacements
at first and second order. Finally, introduce a quadratic
function, f(u) with components (un−um)2 for each edge,
(n,m). Then we have
∆ = Ru(1) + Ru(2) + f(u(1)), (A2)
where R is the compatibility matrix mapping vertex dis-
placements to linear changes in the edge lengths [22, 23].
To linear order, one should solve ∆ = Ru(1). However,
this linear equation can only have a solution if the left-
hand side of the equation lies in the image of R. We
denote the projection of a vector into the image of R
with a subscript ||, and a projection into the orthogonal
complement ⊥. Therefore, Eq. (A2) decomposes into the
pair
∆|| = Ru(1) + Ru(2) + f||(u(1)) (A3)
∆⊥ = f⊥(u(1)) (A4)
Eq. (A3) can now be solved order by order. To first
order, u(1) = u||+ h, where u|| is any solution of Ru|| =
∆||, and h is in the right null space of R. At the next
order, we obtain a correction Ru(2) = −f||(u|| + h).
7Since we are expanding around a flat origami structure,
we can further restrict the structure of u|| and h. Par-
ticularly, it must be that h can only involve the three in-
plane Euclidean motions and the vertical displacements
of all of the vertices. Consequently, u|| can be chosen so
that the vertex displacements lie in the xy−plane and h
can then contain only vertex displacements along the zˆ.
Eq. (A4) is not dispensed with so easily. It remains a
quadratic constraint on h of the form
∆⊥ = f⊥(u|| + h) = f⊥(u||) + f⊥(h). (A5)
The last equality follows from the fact that u|| is per-
pendicular to h and f is quadratic. Finally, we neglect
f⊥(u||) since it is quadratic in |∆|||. This is valid when
|∆⊥| ∼ |∆|||.
To interpret Eq. (A5), we let {σ1,σ2, · · · } be the basis
of wheel stresses of ker RT described in Ref. [12]. In this
basis,
σn · f(h) ≈ σn ·∆, (A6)
where the left-hand side can be interpreted as the dis-
crete Gaussian curvature at vertex n, or alternatively as
a quadratic form, hTQnh [12]. Finally,
hTQnh = σn ·∆ ≡ Kn. (A7)
We note that, when Kn = 0, Eq. (A7) reproduces the re-
sults of Chen et al. [12] for flat origami. Notice that the
right-hand side of Eq. (A7) involves only lengths of the
bonds, encoded through ∆. This is then a discrete ver-
sion of Gauss’ theorema egregium, which relates the Ricci
curvature on a surface – a completely intrinsic quantity
– to the Gaussian curvature – an extrinsic quantity.
1. Relation to linear analysis
Rather than expanding the deformations around a
nearly flat state. we could have solved Eq. (2) directly
from a slightly deformed state. Here, we demonstrate
that our approach yields the same results to linear order.
Let Xn = X
(0)
n + hnzˆ, where X
(0)
n has no zˆ component.
Similarly, write un = wn + h
(1)
n zˆ, where wn has no zˆ
component. Eq. (2) then reads
2
(
X(0n −X(0)m
)
·(wn −wm)+2(h(0)n −h(0)m )(h(1)n −h(1)m ) = 0.
(A8)
Let σnmi be a wheel stress around vertex i. Then we have∑
nm
σnmi 2(h
(0)
n − h(0)m )(h(1)n − h(1)m ) = 0, (A9)
where the sum is over all edges. Rewriting this in terms
of the concatenated vectors h, we obtain(
h(0)
)T
Qih
(1) = 0. (A10)
Alternatively, if we expand Eq. (A7) around h(0) which
satisfies h(0)
T
Qih
(0) = Ki, we also obtain Eq. (A10).
αi−1,i
αi,i+1
ψi−1 ψi
ψi+1
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βi−1,i βi,i+1
θ+iθ−i
FIG. 5: The intersection of a sphere with a vertex at its
center is a spherical polygon, which we decompose into trian-
gular slices as shown. (a) The dihedral angle of the ith fold
is θ+i + θ
−
i . (b) The side lengths are the planar angles αi,i+1
and the angle the folds make with respect to the xy−plane,
ψi.
Appendix B: Single vertices
We denote the central vertex with 0 and number the
boundary vertices from n = 1 to N . Denote αn,n+1 as
the angle between fold n and n+1, interpreted assuming
αN,N+1 = αN,1, and assume that αn,n+1 is always be-
tween 0 and pi. Since we are interested in single vertices
near the flat state, it is useful to change variables from
the vertex heights to the angles made by the folds with
respect to the zˆ axis, oriented with respect to the refer-
ence z−axis: ψn = pi/2 + (h0−hn)/Ln0 where Ln0 is the
length of fold n.
It is well known that a single vertex can be interpreted
as a spherical polygon in which the side lengths are given
by the planar angles αn,n+1 and the dihedral angles by
the interior angles of the polygon (Fig. 5); this connec-
tion has been used to explore the full configuration space
of single origami vertices in general [17, 18]. Fig. 5 shows
that such a polygon can be decomposed into triangular
slices. Spherical trigonometry then allows one to write
the dihedral angles entirely in terms of the ψn. For small
deformations, these N angles ψn = pi/2 + δψn where
δψn = (hn − h0)/Ln0. Finally, we define θn as the dihe-
dral angle made by the nth fold; the diagram in Fig. 2
shows that θn = θ
+
n + θ
−
n . Finally, we let θn = pi − δθn
and assume δθn is small.
Expanding to quadratic order, we obtain the linear re-
lationship
δθn =
∑
m
Mnmδψm (B1)
where Mnm = − cscαn,n+1δn,m+1 − cscαn−1,nδn,m−1 +
(cotαn,n+1 + cotαn−1,n)δnm. Expanding the angles
βn,n+1 around αn,n+1 and using
∑
n βn,n+1 = 2pi, we
also find an expression for the Gaussian curvature of the
vertex, K = 2pi −∑n αn,n+1,
K = −1
2
∑
nm
δψnδψmMnm. (B2)
8Comparing Eq. (B2) to Eq. (4) provides a connection
between the matrix Q governing the configuration space
in terms of the vertex heights to the matrix M, having
components Mnm, governing the configuration space in
terms of angles δψn. In particular, while Q should have
an additional zero eigenvalue from global translations of
the vertex in the zˆ direction, it shares the same number
of positive and negative eigenvalues as M [12].
